The Hasse Norm Principle

Lectures by: Rachel Newton
Notes by: Ross Paterson

These notes were taken live during lectures at the CMI-HIMR Computational Number
Theory summer school held at the University of Bristol in June 2019. In particular, any
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written on the board, and were often added later by the transcriber.

Lecture List

Lecture T 1. . . o oot e e e e e 1
Lecture 2 1. . . . oo o 4
Locture 3 1. . o o oo o 8
Locture 4 1. . . . o o o e 10
Contents
[1 The Hasse Principle) 1
I1.1 'The Hasse Norm Principle . . . . . . .. . . . .. ... .. ... ... ...... 1
|2 Connections to Geometry: Arithmetic of Tori) 2
|3 Tate Cohomology of Finite Groups| 6
I The Fi ) - he HNP) 9
B Numl Fiald L P bed N | 12
.1 Main Technical Result tor Counting| . . . . ... ... ... ... ... ...... 13
Lecture 1

1 The Hasse Principle

Let k be a number field throughout, X/k a variety. Note that X (k) C [[,cps, X (kv), so that
X (k) #0 = X(ky) # 0. If the reverse implication holds in some family of varieties we say that
“the Hasse principle holds” for that family.

Theorem 1.1 (Hasse-Minkowski). The Hasse principle holds for quadratic forms.



Example 1 (Selmer). Let X : 323 + 4y3 + 523 = 0 C P2. Then X(R) # 0 and X(Q,) # 0 for
all p, but X(Q) =0 so the Hasse principle fails here.

1.1 The Hasse Norm Principle

If L/k is a finite extension we have a commutative diagram

LX —>AZ

J{NL/k iNL/I«

k* HAZ

where the norm map on the ideles is (zw)w = [,y Nr./k, (Zw)-
Definition 1.2. The Knot Group the Knot group is

kX N N jpAS

K(L/k) = N>

i.e. this is the group of local norms modulo the global ones. If k(L/k) = 1 then we say that the
Hasse norm principle (HNP) holds.
Example 2. Let N/k be the normal closure of L/k, the Hasse norm principle holds for L/k if
(1) N =L and Gal(L/K) is cyclic (Hasse’s norm theorem)
(i) [L : k] is prime (Bartels)

D,, (Bartels)
(1ii) [L: k] =n and Gal(N/k) = ¢S, (Kunyavskii & Voskrensenski)
A, Macedo

Example 3 (Hasse). L = Q(v13,v/-3)/Q. Then 3 € Np,;gA;\NyoL* and the HNP fails.

Theorem 1.3 (6, Tate). Let L/k be Galois with Gal(L/k) = G then

k(L/k)Y := Hom(k(L/k),Q/Z) = ker(H*(G,Z) — HH?’(GU, 7))

where G, = Gal(L, /ky)

Proof. POSTPONED O
Corollary 1.4 (Hasse’s Norm Theorem). If L/k is cyclic then the HNP holds.

Proof. G is finite cyclic means that H*(G,Z) = H'(G,Z) = Hom(G,Z) = 0. O



2 Connections to Geometry: Arithmetic of Tori

Let k be a fixed algebraic closure of k.
Definition 2.1. An algebraic torus T/k is an algebraic group over k such that
T Xk E gg (Gm,E)n

for some n € Zsq, where G,, = spec(k[t,t71]) is the general multiplicative group, an algebraic
group in A% with defining equation xy = 1.

Note that T xj, k 2 (G,,, 5)" means that T (k) = (EX ). We call T split if T =, (G )™ for
some n € Zsyg.

Example 4. S := R¢/rG,, (Weil restriction) is a torus, which is an evercise on the exercise
sheet. S is a variety over R defined by

(w0 +219)(yo +y17) =1

i.e.

ToYo —r1y1 =1
oY1 + 1Yo — 0
so S(R) = G,,(C) =C*.

Definition 2.2 (Highbrow definition of Weil Restriction). L/k a finite extension and X/L a
variety. Ry X is the variety over k representing the functor

(k-schemes)°P — sets
S X(S %y L)

ie. RypX(S) = X(S x4 L)
Definition 2.3 (Lowbrow definition of Weil Restriction). X/L is definted by
flze, ... xn) == fm(x1,...,2,) =0

choose a basis aq,...,aq for L/k and write x; := Z?:l Yijo; and then plug into the f; to get
equations for the variety Ry, X over k.

Example 5. L/k finite. Then the norm one torus Ri/ka is defined by the exact sequence

N
1 —= R} G — Ry 3Gy —= Gy — 1. (1)

Explicitly, if a1, ...,0q is a k basis for L, then T := RlL/ka is the affine variety defined by
d
NL/k (Z xiai> =1.
i=1

Definition 2.4. A principal homogeneous space X for T/k is a variety X/k such that T
acts simply transitively on X. If X(k) # 0 then X 2, T. Thus

XX}CE%J*TX]{E

X represents a class in H*(k,T).



(We are about to use Galois cohomology, so it is worth mentioning that when we do we are

taking the k-rational points of the sheaves. Further, it is NOT true that H!(k,T) = 0 by Hilbert

90 for a torus 7. This is because, although T'(k) = k" as groups, the Galois action is different

because the isomorphism is not necessarily over k but in fact some splitting extension L.)
Taking Galois cohomology of gives

Np/k
1 T(k) DX H'(k,T) — H"(k, Ry, /5Gn)

but the right hand side term is 0 by Hilbert 90 (Not quite obviously, so Ry, /,CGW(E) ~“I Rk
[L:K]

k with Galois action on the right hand side component only. Thus H!(k, R, /kGm) =
H'(k, &™) = 0 by Hilbert 90.). So
k><
H'(k,T)= ———
(k. T) NpiL*

(Note that T = RlL/ka here)

Exercise 1. Let c € k™. Then if T = Ri/ka, define

d
TC . NL/k (men) = C.

i=1
Show that this is a principal homogeneous space for T and its class in H'(k,T) is given by c.

Definition 2.5. The Tate-Shaferevich group of a group scheme A/k is
II(A) = II1*(A) := ker <H1(k7A) =[] H" ko, A))
v

Exercise 2. Show that IHl(Ri/k(Gm) = k(L/k), so that the HNP holds for L/k if and only if
the Hasse principle holds for all principal homogeneous spaces for R'G,,.

Definition 2.6. Let T'/k be a torus, then we define the Galois module of characters to be
T := Hom(T%, G,, 7)

which is a Galois module via the natural action of Gal(k, k). We also have the Galois module
of cocharacters

70 .= Hom(G Ty).

m,E’
(Note these are homomorphisms of algebraic groups, so must be algebraic homs). These are both
Z-free modules of finite rank with continuous Galois action.

Example 6. It is an ezercise to show that:

(a) G = 2,
(b) If F/L/k is a tower of number fields with F/k Galois and Gal(F/k) = G > H = Gal(F/L)
then

Ry G = Z|G/H]



Now taking characters in the sequence defining RlL/ka, namely , gives

N, —
0—= 2 —Z[G/H] — R} ,Gp, —>0

where the Ny . is given by 1+ deG/Hg
We have one more exercise, in response to the question about why RL /ka is even a torus:
Exercise 3. (a) Show that if T/L is a torus then Ry ;T is a torus.
(b) Show that RL/ka is a torus.

Lecture 2

Aside: Let L = J]f([;] be a separable field extension. Note that

B ko[ X] o kel X]
Lok = py oo~ g = 1A

wlv

and we have an injection L. — L,,, which has a dense subset. Applying the norm map on L ®j k,
we get a commutative diagram

N
L®kkv;ﬂc'k®kkv
N
Hw\vLH folf kv

Now, from last time take ¢ € k> and recall the associated norm torus T, : Ny /(D _, zia;) = ¢
for a;; forming a k basis of L. Then

[Tc} :OEHl(k‘,T) TC(k) 7é®
(S NL/kLX
[T.]=0¢ H'(k,,T) Te(ky) # 0

[AS NL/k(L Rk kv)
ce HNLw/kvL;j)

w|v

F1t1et

The New Lecture: Continuing the lecture proper, recall from last the the modules of
characters and cocharacters:

= Hom(
= HOIn(Gm,E’ E>

7
&
?i\/

T
fo

where Hom is the homomorphisms that are regular maps of varieties that are also group homo-
morphisms. Note that Gal(k/k) acts on T and 7° by

(9-9)(x) = golg~'z)



Exercise 4 (17). Show that there is a perfect pairing of Galois modules
ToT° )
and hence T° = Hom(T', Z) as Galois modules.

Lemma 2.7 (18). Let T'/k be split by a finite Galois extension L/k (i.e. under base change to
L it becomes G}, for some n), denote G := Gal(L/k). Then

T° ® L* = T(L)
as G-modules.

Proof. L/k splits T means that T, = G, ; for some n € Zxq. This in turn tells us that Gal(k/L)

acts trivially on T and on fo, so all cocharacters are defined over L. Then
T° @ L* —! T(L)
p®ar pa)

is a G-homomorphism. T° >~ 7" as a group and T(L) = (L*)™ as a group. Therefore f is an
isomorphism. O

Definition 2.8 (19). Let T/k be a torus, split by L/k finite Galois with G = Gal(L/k). Define
more Sha’s by

I1%(G, T) := ker <H2(G, T) = [[H*(Go. f))

1% (G,T) :=ker | H*(G,T) — [[ H*({9).T)
geG

Theorem 2.9 (20). Let T be as in definition[2.8 Then there is a canonical isomorphism
I () = Hom(IN%(G, T), Q/2)

Recall Theorem [I.3] which tells us a similar thing. In fact, Theorem[I.3|follows from Theorem
once you have shown that for T = RlL /ka and L/k Galois,

1%(G, T) = ker (HS(G z) = [[H(G, Z)) .

This is an exercise.

3 Tate Cohomology of Finite Groups

G a finite group, A a G-module. The Tate Cohomology groups are

H"™(G, A) nzl
R AC n=>0
Hn(G’ A) - NfajéA‘NGazo} n=-—1

(g-a—ala€A,geQG)
H_n_l(G,A) n<—1

where Ng =) 59



Definition 3.1 (Cup Products). for allm,n € Z and all G-modules A, B we have a cup product

map R =R =R
u: B™(G, A) @ B"(G,B) —» H™"(G,A® B)

which for m = n = 0 is given by the natural map A® @ B¢ — (A ® B)Y induced by tensor
product.

Theorem 3.2 (Duality). Let A be a G-module which is Z-free. Then
H™(G,A) ® H™"(G,Hom(A,Z))
iu
H°(G,A®Hom(A,Z))
i(a®¢H¢(a))
HY(G,7)

Z)|G|Z
is a perfect pairing. Hence
H™"(G,Hom(A,Z)) =~ Hom(H"(G, A),Z/ |G| Z)
~ Hom(H™(G, A),Q/Z)
where the last step is because cohomology is |G|-torsion anyways.

Proof of Theorem[2.9

1 L* AY Cy, 1
is an exact sequence, and taking Tor” gives us
Tor%(CL,T\O) — > T°®L* —=T° ® AY — > T°®C, —>0

So in particular

T\O (9 CL = =: CL(T)
Then we take Tate cohomology

H°(G,T(L)) —%> BY(G, T(AL)) ——= H(G, CL(T))

HY(G,T(L)) === HY(G,T(AL))

Now, it is an exercise to show that H'(G,T(L)) = H'(k,T).

Furthermore, for all r € Z, H™(G,T(AL)) = @&,H"(G,,T(L,)) via the restriction and core-
striction maps (and the surjections/injections between L} and AY). So HIY(T) = ker(§) =
im(vy) 2 coker(3).



Global Class Field Theory: H*(G,CL) = Z/|G|Z with a canonical generator uy,, and
for all r € Z, and all Z-free modules M

H"(G, M)~ H*(G,M®Cp)
X = xJurpg

(This is just Tates theorem for class formations).
Local Class Field Theory: H*(G,, LX) = Z/ |G| Z with canonical generator, and for all
r € Z and all Z-free modules M we again have

H" (G, M) = H**(G,, M ® L,)
X — X U canonical generator

(again this is just Tates theorem for class formations.)
Continuing with the Proof: Putting this together gives us

I (T) = coker(&,H %(G,, T°) =" H=2(G,T°))

(This is using all of the above, in particular we are using the cup product isomorphism in reverse.)
and duality for Tate cohomology gives

Hom(II'(T), Q/Z) = ker(H?(G,T) — @, H?(G,,T))

Lecture 3

We will start by defining weak approximation.

Definition 3.3. We say that weak approximation holds for a variety X if the rational points
X (k) are dense in [], A(ky) (the topology on the product is the product topology)

Definition 3.4. Let T'/k be a torus. The defect of weak approximation for T is

AT — Hﬂ;«:@)

where T(k) is the closure in the product topology.
Exercise 5 (23). Let T = Ri/ka with L/k Galois. Show that

T(Ay)

Al) = T(k)Np/T(AL)

Theorem 3.5 (24, Voskresenski). Let T' be as in Ez[f] and G = Gal(L/k). Then we have an
exact sequence

0 —— A(T) — Hom(H?*(G,7Z),Q/Z) — I (T) —=0

Corollary 3.6 (25). If T is as above and H*(G,Z) = 0 then the HNP holds for L/k and weak
approximation holds for T.



Proof. Recall the exact sequence from the proof of Theorem [2.9

i S HYG,T(L)) —2= BYG, T(A)) — = HY(G,CL(T))
/
HYG,T(L) === HY(G,T(AL))
In the proof of Theorem [2.9 we showed that III*(7") = im(y). Consider

H(G,T(L)) —*— H(G,T(AL))

T(k)/Ny/T(L) T(Ak)/Nr/kT(AL)

We obtain a short exact sequence

T(Ay) B 5
0 T(Ic)NL/:T(AL) H(G,Cr(T)) — Y (T) —0

By exercise [5| the injective term is A(T). Further we see that the middle term is, as in the proof
of Theorem [2.9} is Hom(H?2(G, T),Q/Z) Now it remains to show that H2(G,T) = H3(G,Z) (an
easy exercise) O

Theorem 3.7 (Colliot-Théléne & Sansuc, 26). T/k split by a finite Galois extension L/k with
Gal(L/k) = G then

0 — A(T) — Hom(I12 (G, T),Q/Z) — I (T) —= 0

1s exact.

4 The First Obstruction to the HNP

Definition 4.1. Let F/L/k be a tower of number fields where F/k is Galois. The first ob-
struction to the HNP corresponding to this tower is

NL/kAZ nk*
(Ne/eAR N KN, s

F(F/L/k) =
Remark 4.2. 1. The knot group k(L/k) surjects onto % (F/L/k), so if this first obstruction
is nontrivial then so is the knot group and L/k does not satisfy HNP.
2. If HNP holds for F/k then Np; Ay Nk™ = N/, F*, and so F(F/L/k) = k(L/k).
Proposition 4.3 (29, Drakonkhurst & Platonov). For F/L/k as above, let G = Gal(F/k) and
H = Gal(F/L). Consider the commutative diagram

ﬁO(H,CF) LﬁO(GaCF)

HO(H, AL —225 HO(G,AY)



where the @; are induced by the natural surjection ARCp and the v; are Corg = Nk, then

ker 1
p1(ker o)

Recall that class field theory gives isomorphisms

~ Z(F/L/k)

Ck

~— = = H(G,Cr) = H*(G,Z) = Hi(G,Z) = G™
Np/Cr

and

~ ¥ GU
H(G.AF) = D G, F) = P H2G.2)= P [Go, G

vE My vE My ve My,
and similarly for H. Now the diagram of Proposition [£.3]looks like

H Y1 G
(7.0 (exe) (2)

wlT QZT
Boers, P P
vE My, Mp3wl|v [Hy,Hy)

G,
— Doem, G

There is something subtle going on with the bottom map, note that separate places above a fixed
place are conjugate. We give a concrete description: Write G as a disjoint union of its H — G,
double cosets: G = UZ1 Hz;G, where x; are the double coset representatives. Then

{z1,...20, } & {w|v}

is a 1:1 correspondence. Now, H,, = xinx;l NH. If he H, = xinazi_l N H then 9 (h) =
x;lhxi € [GlGi’év] Hence
ker iy
F(F/L/k) = —————
(F/L/k) ke 0
is looking far more computable! The top part is easy, ker vy = HN[G, G], so if HN[G, G| = [H, H]
then the first obstruction % (F/L/k) = 1.

Let 9y denote the restriction of 99 to @wl” [HHi‘;I]

Lemma 4.4 (Drakokhurst & Platonov, 30). If G,, C G,, then pi(ker5?) C @i (kery*).
Proof. This is an exercise, a hint is: Let G = Uz 1 Hz;G,,. Now write Hz; G, U 1 Hzivi;Go,
for v;; € Gy,. So G =;_, Uj:1 Hzivi; G, O

Let 43" denote the restriction of ¢z to @B, wuramer/k Do HHiqu] Let ¥ denote the re-

striction to the remaining (ramified) places @, ,amer/i D
Note that 7 (ker1pa) = 1 (ker 15 )7 (ker 15%).

Corollary 4.5 (31). Computing F(F/L/k) is a finite calculation.

w\vHH}

Proof. Lemma the fact that finitely many places are ramified in F/k and the fact that G
has finitely many cyclic subgroups. O

10



Lecture 4

We have broken our computation of .Z (F/L/k) into finitely many peices. Now we will look at

the unramifiec part from the end of the last lecture.
Theorem 4.6 (Drakokhurst & Platonov, 32).
1 (kerys") = @ (H)/[H, H]

where

dY(H) = (hi'ha | h; € H and hy is G -conjugate to hy).
Corollary 4.7 (33). There is a surjection

HNI[G, G

wo ~ F /L)

soif HN[G,G] = ®%(H) then F(F/L/k) = 1.

Theorem 4.8 (34, Drakokhurst & Platonov). F/L/k and G,H as above. Fori=1,..

G;<Gand H; < HNG;, L; = FHi and k; = FGi,
Suppose that the HNP holds for each L;/k; and that

P ol P HE3G,z) - H3G,2)
=1 =1

s surjective. Then
NF/kA;‘ Nk* cC NL/kLX

and hence F (F/L/k) = k(L/k).

Proof. Exercise: Use the identifications
ﬁig(G7Z) ﬁ 1(G70F)
ﬁ ﬁ ! (Gl7 CF)

Recall that Hom(x(L/k), Q/Z) = ker (HQ(G,f) — 11, HZ(GU,f)) where
1——=T= RlL/KGmHRL/KGm —G,, —1

Take characters
0—=Z——ZG/H ——=T——=0

and we have a commutative diagram:

G,7) —"’>H2(G ZIG/H]) —— H2(G,T) — H¥G, 2)

K -

Gy, Z) —>H H(G,,Z|G/H]) —=T1, H*(G,, T)

A%

I1, #*

11

.,n let



By Shapiro, H?(G,Z|G/H]) = H*(H,Z), and by Mackey & Shapiro
H*(G,,Z|G/H]) = H*(G,,res& Ind§ Z)
= H*(G,, @ Ind§}" Z)

wlv

=@ H*(H,, 2)

wlv
So the first square of our diagram is dual to : Recall

ker ¢

FUEILIR) = p1(ker 1)

so (exercise)
(1)~ (im(e3))

Hom(Z (F/L/k),Q/Z) = m(@y)

and so 6 induces an injection
Hom(# (F/L/k),Q/Z) — ker(2y) = Hom(r(L/k), Q/Z)

Theorem 4.9 (35, Macedo). Let p be a prime such that H*(G,Z) ) = 0 (where we denote by
A(p) the p-primary part of an abelian group A). Then

K(L/k)p) = F(F/L/k) )
Proof. Exercise. O

Macedo was able to use this to prove:

Theorem 4.10 (36, Macedo). Let F/L/k and G, H be as above, with G = A,, or S, andn > 4,
G 7é Aﬁ, A7. Then
(F/L/k) |H| € 2Z

7
~L/k) = {y(F/L/k)  k(F/k) |H|€2Z+1

Sketch proof: For |H| even, first show that there is a subgroup V4, C G such that |V, N H| > 2
and R R
Cor{, : H*(Vy,Z) - H3(G, Z)

is surjective. Now use Theorem 4.8 The case |H| odd is an exercise using the result of exercise
2 on the problem sheet O

5 Number Fields with Prescribed Norms

(Joint with C. Frei & D. Loughran) Let & be a number field and G a finite abelian group. Let
a € k*.

Question 1 (37). Does there exist L/k Galois with Gal(L/k) = G such that o € N, L*?
It suffices to show that there is some L/k a G-extension such that the HNP holds for L/k and
a € NL/kAz

We gave a positive answer to Question[I] by counting. We reduce to local conditions via

12



Theorem 5.1 (Frei & Loughran & Newton, 38). HNP holds for 100% of G-extensions L/k for
which a € NL/;CAE, ordered by conudctor.

It is important that we count by conductor here, if we were to instead count by discriminant
the result is different.

Corollary 5.2 (39). HNP holds for 100% of G-extensions of k ordered by conductor.
Proof. Take a =1 O

To prove Theorem use Tates result (Theorem to give necessary local conditions for the
failure of HNP. Count G-extensions L/k satisfying those local conditions and the local conditions
given by o € Ny ;, A} . Show that this is 0% of G-extensions L/k such that a € Ny, A} .

5.1 Main Technical Result for Counting
At each place v € M}, we let A, denote a set of “allowed” sub-G-extensions of k, (i.e. F/k Galois
with Gal(F,/k,) C G). Let A = (A,) be our allowed conditions,

N(k, GA, B) = # {Gfextensions L/k with conductor <B : L,€EA, Vv}
1
[K1q) : K]

w(k,G,a) =
geG\{1}

where |g| is the order of g and kg = k(uq, ).

Theorem 5.3 (Frei & Loughran & Newton (FLN), 40). Let S be a finite set of places of
k. For v € S let A, be a nonempty set of sub-G-extensions of k,. For v & S let A, =
{F/kv : sub-G-extensions s.t. « € NF/kaX} Then

N(k,G,A,B) ~ ¢, c.aB(log B)w(k,G,a)71
as B — co. Where ¢ > 0 if there is a sub-G-extension L/k with L, € A, for all v.

Definition 5.4.

Nioc(k, G, o, B) = # {G-extensions L/k with conductor < B s.t. o € Np ;A }
Ngion(k,G,a, B) = # {G-extensions L/k with conductor < B s.t. a € NL/kLX}
Theorem 5.5 (FLN, 41). Ny,.(k,G,a, B) ~ ¢ - B(log B)*®®%®)=1 for some ¢ > 0.

Proof. Apply Theoremwith S = (. To show ¢ > 0 need a sub-G-extension with o € NL/kAz.
But we can take the trivial extension! L = k. O]

Theorem 5.6 (FLN, 42). Ngob(k, G, a, B) ~ ¢ B(log B)*#:%*)=1 for some ¢ > 0.
Proof. Theorem [5.5] and Theorem [5.1] O
Corollary 5.7 (43). The answer to Question|[]] is YES!

13
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